On the classifying spaces of cobordisms of singular maps by Szűcs, András & Terpai, Tamás
ar
X
iv
:1
90
2.
09
91
8v
1 
 [m
ath
.G
T]
  2
6 F
eb
 20
19 Homotopy investigation of classifying spaces of
cobordisms of singular maps
Andra´s Szu˝cs∗ Tama´s Terpai†
Abstract
The classifying spaces of cobordisms of singular maps have two
fairly different constructions. We expose a homotopy theoretical con-
nection between them. As a corollary we show that the classifying
spaces in some cases have a simple product structure.
1 Introduction
The basis of all sorts of cobordisms is the Pontrjagin-Thom construction,
that reduces the computation to homotopical investigation of the classifying
space. For cobordisms of singular maps the construction of the classifying
space is rather involved. There are two different constructions and the aim
of the present paper is to establish a connection between them.
The first construction can be called the glueing procedure, the second
one provides the classification space as a fibration. The latter we describe
in section 2, and here we sketch the glueing procedure, which is based on
global understanding of singular maps. This global understanding includes
the following three steps:
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1) Local singularity theory: this concerns the normal forms of map-germs.
For a long time this was the main subject of singularity theory. Results
include those of Whitney [17], Mather [6], Arnold [1], Morin [9] and
others.
2) Automorphism groups of the normal forms. This provides a description
of a singular map of a smooth manifold into another one in the neigh-
bourhoods of its strata (a stratum is a set of points with equal local
forms) as a bundle of map-germs, the structure group of the bundle is
the authomorphism group. The corresponding universal bundles can be
called the “semiglobal description”. For results see Ja¨nich [5], Wall [15],
Rima´nyi [8], Szu˝cs [12], Rima´nyi-Szu˝cs [10].
3) The final, global level describes how the semiglobal descriptions of the
different strata fit together, how the neighbourhouds of simpler strata
are glued to that of a more complicated stratum. Glueing the universal
germ-bundles accordingly one constructs the classifying space for singular
maps with a given list of allowed singularities (or multisingularities).
2 Details of the three steps and the glueing con-
struction of the classifying space
2.1 The local forms
We consider smooth maps of n-manifolds to (n + k)-manifolds for a fixed
positive k and arbitrary n. We define equivalence classes of the germs of
such maps as follows.
A germ η : (Rn, 0)→ (Rn+k, 0) is equivalent to
• all germs that are right-left equivalent to it (germs of the form ψ ◦
η ◦ ϕ with ϕ a germ of a diffeomorphism of (Rn, 0) and ψ a germ of a
diffeomorphism of (Rn+k, 0));
• the germ η × idR1 : (R
n × R1, 0)→ (Rn+k ×R1, 0).
An equivalence class will be called a local singularity (even if it has rank n
at 0 and thus is a germ of an embedding).
On the set of local singularities there is a hierarchy (partial ordering): we
say that ζ < η, i.e. η is more complicated than ζ, if in any neighbourhood
of 0 ∈ Rn a germ that belongs to η has a point where its germ belongs to ζ.
Alongside the local singularities (at the points of the source manifold)
we shall consider multisingularities at the points of the target manifold. If
On the classifying spaces of cobordisms of singular maps 3
f : Mn → Pn+k is a smooth map such that each point p ∈ P has finitely
many preimage points, then the multiset (set with elements equipped with
multiplicities) of local singularities at the preimages of p will be called the
multisingularity of f at p. One can say that a multisingularity is a formal
linear combination of local singularities with positive integer coefficients.
Note that there is a hierarchy on the set of multisingularities as well, induced
by the hierarchy on the set of local singularities.
2.2 The automorphism groups and the semiglobal descrip-
tion.
Given a local singularity η we shall consider its minimal dimensional repre-
sentative (called the root of η, denoted by η0). Let Autη be the automor-
phism group of η0 : (R
c, 0)→ (Rc+k, 0):
Autη = {(ϕ,ψ) :ϕ and ψ are germs of diffeomorphisms of (R
c, 0)
and (Rc+k, 0), respectively, such that η0 ◦ ϕ = ψ ◦ η0}.
Ja¨nich [5] and Wall [15] defined and proved the existence of the maximal
compact subgroup of such an automorphism group Autη; we denote it by
Gη. The group Gη is constructed as a linear group and inherits a natural
representation λ on (Rc, 0) as well as λ˜ on (Rc+k, 0):
λ(ϕ,ψ) = ϕ, λ˜(ϕ,ψ) = ψ.
One can suppose that the images of λ and λ˜ are subgroups of the orthogonal
groups O(c) and O(c+ k), respectively.
The semiglobal description of the η-stratum consists of the following
objects:
a) The group Gη and its representations λ : Gη → O(c) and λ˜ : Gη →
O(c+ k).
b) The universal vector bundles ξη and ξ˜η associated to the representations
λ and λ˜, respectively:
ξη = EGη ×
λ
Rc, ξ˜η = EGη ×
λ˜
Rc+k
(here EGη is a contractible free Gη-space).
c) A fiberwise map Φη : ξη → ξ˜η such that on each fiber the restriction
belongs to the right-left equivalence class of η0.
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The map Φη can be called the semiglobal description of η because it describes
the map around the stratum of η-points. Namely for any map f : Mn →
Pn+k that has no more complicated multisingularities than 1 · η there are
tubular neighbourhoods T of the (closed, smooth) η stratum embedded in
M and T˜ of the image of the η stratum embedded into P such that there is
a commutative diagram
T //
f |T

ξη
Φη

T˜ // ξ˜η
This is why we can say that the map Φη : ξη → ξ˜η is the universal object
for the maps of a tubular neighbourhood of the η-stratum into that of its
image. After necessary modifications a similar semiglobal description can
be given for each multisingularity stratum (in particular, the map Φη can
also be defined when η is any multisingularity).
2.3 Inductive constructions of the classifying space
2.3.1 The glueing procedure
Let τ be a set of multisingularities such that whenever η ∈ τ and ζ < η,
we also have ζ ∈ τ , and additionally for any given bound N the number of
multisingularities in τ that have codimension at most N (in the source, say)
is finite. A smooth map is called a τ -map if all its multisingularities belong
to τ . We now construct a universal τ -map, whose target will be called the
classifying space for τ -maps (the universality of this map is meant in the
sense of Theorem 1).
First we assume that τ is finite. The construction proceeds by induc-
tion. We start with the simplest case, when τ -maps are embeddings. Then
the universal map is BO(k) →֒ MO(k), the inclusion of the Grassmannian
manifold into the Thom space of the universal rank k vector bundle. Let
η be a maximal multisingularity in τ and let τ ′ be the multisingularity set
τ \ {η}. Assume that the universal τ ′-map fτ ′ : Yτ ′ → Xτ ′ has already been
constructed. Consider the map
Φη : D(ξη)→ D(ξ˜η)
of the disc bundles. Here D(ξ˜η) is the disc bundle of ξ˜η (of a sufficiently
small radius with respect to a smooth metric) and D(ξη) is the preimage
Φ−1η (D(ξ˜η)), which is homeomorphic to the disc bundle of ξη. In particular,
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the boundary S(ξη) = ∂D(ξη) is mapped into S(ξ˜η) and the restriction of
Φη to this boundary is a τ
′-map (it has no η-points). The universality of fτ ′
implies that the map Φη|S(ξη) : S(ξη)→ S(ξ˜η) can be induced from it in the
sense that there is a commutative diagram
S(ξη)
Φη |S(ξη)//
ρ

S(ξ˜η)
ρ˜η

Yτ ′
fτ ′ // Xτ ′
We define
Yτ = Yτ ′ ∪
ρη
D(ξη)
Xτ = Xτ ′ ∪
ρ˜η
D(ξ˜η)
fτ = fτ ′ ∪
(
Φη|D(ξη)
)
Should τ be infinite, we define τ [N ] as the set of those elements η of τ whose
codimension in the source is at most N and assemble Xτ , Yτ and fτ as the
direct limits of the constructions for Xτ [N ], Yτ [N ] and fτ [N ], respectively, as
N →∞.
Theorem 1 ([10],[13]). The map fτ : Yτ → Xτ is the universal τ -map in
the sense that whenever f : M → P is a τ -map, there is a homotopically
unique map κf : P → Xτ and a map κˆ : M → Yτ such that the diagram
M
f //
κˆ

P
κf

Yτ
fτ // Xτ
commutes.
Given a closed (n + k)-manifold P , we denote by Cobτ (P ) the set of
cobordism classes of τ -maps of closed n-manifolds into P (with cobordisms
being τ -maps into P × [0, 1]).
Corollary ([10],[13]).
Cobτ (P ) = [P,Xτ ].
This explains why Xτ is called the classifying space for τ -maps. For
futher purpose we make the following remark.
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Remark 1. The universal τ -map is not literally a τ -map, since its domain
and target are not finite dimensional manifolds, but it is a limit of (proper) τ -
maps. We shall call such a map generalized τ -map. For example, the product
fτ×(identity of S) : Yτ×S → Xτ×S, where S is a limit of finite dimensional
manifolds, is also a generalized τ -map. Theorem 1 implies in particular that
any τ -map induces a map of its target manifold into the classifying space
Xτ . This remains true for generalized τ -maps as well. For example, the
universal τ - map fτ : Yτ → Xτ corresponds to the identity map Xτ → Xτ ,
while a product map fτ × (identity of S) corresponds to the projection map
Xτ × S → Xτ . Note also that the union of τ -maps (or generalized τ -maps)
corresponds to the pointwise product of the corresponding classifying maps
in the H-space Xτ (see [13]).
3 Fibration construction of the classifying space
We now discuss the second construction of the classifying space, introduced
in [13]. This construction works only under the assumption that τ consist of
all multisingularities that are linear combinations of local singularities from
a fixed finite set of local singularities.
From now on we use the following notation:
• η is a maximal local singularity from this fixed set τ
• τ ′ is the set of all multisingularities in τ that do not contain η
The construction proceeds as follows: assume that the classifying space Xτ ′
has already been constructed. Let T ξ˜η denote the Thom space of the bundle
ξ˜η and let ΓT ξ˜η denote the space Ω
∞S∞T ξ˜η = limm→∞Ω
mSmT ξ˜η (where
ΩA is the loop space of the space A and SA is the suspension of A). Note
that ΓT ξ˜η is the classifying space for cobordims of immersions equipped
with a pullback of the normal bundle from ξ˜η.
The induction step for this construction is the observation (conjectured
by E. Szabo´ and proved in [13], see also another proof in [14]) that there is
a fibration (we shall call it the “key bundle”)
(♥)
Xτ ′


// Xτ
pτ

ΓT ξ˜η
i.e. Xτ is the total space, Xτ ′ is the fibre, and ΓT ξ˜η is the base space.
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The map pτ can be described by the natural map between the functors
P 7→ [P,Xτ ] and P 7→ [P,ΓT ξ˜η] as follows. By Corollary to Theorem 1
the set [P,Xτ ] is in one-to-one correspondence with the cobordism group
Cobτ (P ) of τ -maps in P . There is a well-known geometric interpretation of
the set of homotopy classes [P,ΓTζ] for any vector bundle ζ, see e.g. [16] for
the case of ζ being the universal k-bundle – it is in one-to-one correspondence
with the cobordism group Immζ(P ) of immersions with target P and normal
bundle pulled back from ζ (such immersions are called ζ-immersions). Con-
sidering the image of the η-stratum of a τ -map (which is immersed in the
target manifold), it has a normal bundle that admits a natural pullback from
ξ˜η. Hence we obtain a natural map Cobτ (P )→ Imm
ξ˜η(P ) that associates to
the cobordism class of a τ -map the cobordism class of the ξ˜η-immersion of
its η-stratum. This natural map is induced by a map of the corresponding
classifying spaces, and that is pτ : Xτ → ΓT ξ˜η.
A second description of pτ (that is crucial in the proof of Theorem 1)
comes from the glueing procedure that producesXτ . For each multisingular-
ity θ = J +nη, where J is a multisingularity that belongs to τ ′, we consider
the disc bundle Dθ = DJ×
(
D(ξ˜η)
)n
– here DJ for J =
∑
imiηi denotes the
product DJ =
∏
i
(
D(ξ˜ηi)
)mi
. Then we attach them using maps ρ˜θ (sec-
tion 2.3.1 describes them for θ = 1 · η) along their boundary. If we project
each such disc bundle onto the factor (Dη)
n and attach these bundles cor-
respondingly, then we obtain ΓT ξ˜η. These projections are compatible with
the attaching maps and hence combine to a map Xτ → ΓT ξ˜η, which is pτ .
The key bundle can be induced from a universal Xτ ′-bundle
Xτ ′


// EXτ ′

BXτ ′
where EXτ ′ is a contractible space and BXτ ′ is a space such that its loop
space ΩBXτ ′ is Xτ ′ . The main result of the paper expresses the map
bη : ΓT ξ˜η → BXτ ′ that induces the key bundle from the universal Xτ ′-
bundle through the glueing map ρ˜η : ∂(Dξ˜η)→ Xτ ′ of section 2.3.1, and in
this way we connect the two constructions. Namely, we give a purely ho-
motopy theoretical construction that taking as an input the attaching map
ρ˜η (which has a clear geometric meaning in the first construction) produces
the map bη that induces the key bundle Xτ → ΓT ξ˜η and thus allows trans-
lating questions related to the latter construction to questions relating to
the former one (see the corollaries in section 6).
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4 Formulation of the result
In this section we outline the general structure of the proof of our main
result and encapsulate its key points in several claims. The proofs of the
claims are deferred to the next section.
First we describe the key bundle pτ : Xτ → ΓT ξ˜η over the open ball
bundle D˚ξ˜η ⊂ T ξ˜η ⊂ ΓT ξ˜η, which is the Thom space T ξ˜η of ξ˜η without its
special point.
Claim 1.
p−1τ (D˚ξ˜η) = Xτ ′ × D˚ξ˜η.
Next we describe the key bundle over the Thom space T ξ˜η and its in-
ducing map. Denote by XT the space p
−1
τ (T ξ˜η) and consider the bundle
pτ |XT : XT
Xτ ′→ T ξ˜η. Its inducing map, bT : T ξ˜η → BXτ ′ , is the restriction
of bη to T ξ˜η. Let pr : T ξ˜η → T ξ˜η/BGη be the quotient map that contracts
the zero section of ξ˜η. Note that the quotient space T ξ˜η/BGη coincides with
the suspension ΣS(ξ˜η) of the sphere bundle S(ξ˜η). Since pτ is trivial over
the open ball bundle D˚ξ˜η, in particular over its zero section BGη, after a
homotopy it can be supposed that the map bT maps BGη to a single point.
Hence the map bT can be decomposed into the composition of the quotient
map pr : T ξ˜η → T ξ˜η/BGη and a map σ : T ξ˜η/BGη → BXτ ′ , i.e. bT = σ◦pr.
To express the map σ, recall that for any pointed topological spaces A
and B the (based) maps A → ΩB are in one-to-one correspondence with
(based) maps ΣA → B, where Σ is the reduced suspension. We call such
maps that correspond to one another adjoint. In our case, T ξ˜η/BGη =
Σ(S(ξ˜η)) and Xτ ′ = ΩBXτ ′ , allowing the formulation of the following claim:
Claim 2. σ : ΣS(ξ˜η)→ BXτ ′ is the adjoint of ρ˜η : S(ξ˜η)→ Xτ ′.
We have hence expressed the restriction bT = bη|T ξ˜η using the attaching
map ρ˜η.
We can now describe the space Xτ . In order to do so, recall that Brown’s
representability theorem admits a variant (e.g. [11, Ch 1, §5, Theorem 6])
that states that if a functor F represented by a space BF takes values in
groups, then BF is an H-space. Since Cobτ (P ) is a group (for those τ that
are considered in this construction of classifying spaces – see beginning of
Section 3), the space Xτ is an H-space. The operation in Xτ corresponds
to that in Cobτ (P ), which is induced by disjoint union of the sources of the
τ -map representatives.
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Claim 3. The space p−1τ (T ξ˜η) = XT is obtained from the disjoint union
D(ξ˜η)×Xτ ′ ⊔Xτ ′ by attaching S(ξ˜η)×Xτ ′ ⊂ D(ξ˜η)×Xτ ′ to Xτ ′ by the map
(†) (s, x) 7→ ρ˜η(s) · x
where s ∈ S(ξ˜η), x ∈ Xτ ′ and the dot denotes the multiplication in the
H-space Xτ ′ .
Finally, in order to express the map bη itself we need the following claim:
Claim 4. The map bη is an infinite loop space map.
In particular we claim that both the domain and the target spaces of bη
are infinite loop spaces. In such a case the map bη is completely determined
by its restriction bT = bη|T ξ˜η due to the following general statement:
Proposition 2 ([3, p. 39.], [7, pp.42–43.]). Let K be an infinite loop space,
Y any CW complex, and g : Y → K any continuous map. Then there is a
homotopically unique infinite loop space map ΓY → K extending g. (Here
ΓY = Ω∞S∞Y ).
This extension will be denoted by gext. Note that if g is null-homotopic,
then gext is also null-homotopic.
Claim 5. If K is an infinite loop space, f : Y → Y ′ is an arbitrary con-
tinuous map, furthermore g : Y → K and g′ : Y ′ → K are maps such that
g = g′ ◦ f , then gext = g
′
ext ◦ Γf .
Finally, we summarize the Claims in the following theorem. Let us de-
note by σ : ΣS(ξ˜η)→ BXτ ′ the adjoint of the glueing map ρ˜η : S(ξ˜η)→ Xτ ′
(see the first construction of Xτ ). Let pr : T ξ˜η → T ξ˜η/BGη = ΣS(ξ˜η) be
the quotient map contracting the zero section.
Theorem 3. The classifying map bη : ΓT ξ˜η → BXτ has the form
bη = (σ ◦ pr)ext.
5 Proofs of the Claims
5.1 Proof of Claim 1
The proof follows from the attaching procedure that gives Xτ ′ and Xτ (the
second description of pτ from section 3). To construct Xτ ′ one starts with
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a one-point space and attaches disc bundles DJ , one for each allowed mul-
tisingularity
∑r−1
i=0 miηi in τ
′ = {η0, . . . , ηr−1} corresponding to the multi-
index J = (m0, . . . ,mr−1), in an order compatible with the partial order
of these multisingularities. Denote the attaching map of DJ by rJ . The
space p−1τ
(
D˚(ξ˜η)
)
is obtained by starting with D˚(ξ˜η) and attaching prod-
ucts D˚(ξ˜η)×DJ in the same order using the maps idD˚(ξ˜η)×rJ (where idD˚(ξ˜η)
is the identity map of D˚(ξ˜η)). The Claim follows.
5.2 Proof of Claim 2
Next we try to understand the Xτ ′-bundle over ΣS(ξ˜η) induced by the map
σ : ΣS(ξη) → BXτ ′ . We shall denote this bundle by ξˆ. It can be obtained
from the disjoint unionXτ ′×C(S(ξ˜η))⊔X
′
τ , where C(S(ξ˜η)) denotes the cone
over S(ξ˜η), and performing the identifications (x, s) ∈ Xτ ′ × C(S(ξ˜η)) ⊔X
′
τ
with ρ˜η(s) · x ∈ Xτ ′ , if s ∈ S(ξ˜η). We want to deduce that the map σ :
ΣS(ξ˜η) → BXτ ′ is the adjoint of ρ˜η : S(ξ˜η) → Xτ ′ (recall that Xτ ′ =
ΩBXτ ′). This will follow from the following general proposition.
Proposition 4. Let H be an H-space with a principal classifying bundle
π : EH
H
→ BH. For any space Z denote by H(Z) the set of principal H-
bundles over Z. It is well-known that for a suspension Z = ΣY the set H(Z)
has the following bijective identifications:
a) ϕ : H(ΣY )→ [ΣY,BH]
b) ψ : H(ΣY )→ [Y,H]
Then the map ψ ◦ ϕ−1 sends each homotopy class into its adjoint.
Applying this Proposition to H = Xτ ′ and Y = S(ξ˜η) and the element
ξˆ ∈ H(ΣY ) we get that ϕ(ξˆ) = σ and ψ(ξˆ) = ρ˜η are adjoint and Claim 2
follows. The rest of the subsection is devoted to the proof of the Proposition.
Consider the following commutative diagram of pairs of spaces:
(Cone Y, Y )
f˜ //
pr Y×{1}

fˆ
))
(P (BH),Ω(BH))
ΩBH

∼= // (EH,H)
H

(ΣY, ⋆)
f // (BH, ⋆)
idBH // (BH, ⋆)
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Here P (BH) → BH is the path-bundle (P (BH) is the space of paths
starting at a fixed point ⋆ ∈ BH), f : ΣY → BH is a map that induces a
bundle β over ΣY . We can and do assume that f is an embedding. The
map pr : Cone Y = Y × [0, 1]/Y × {0} → ΣY = Cone Y/Y × {1} is the
quotient map. f˜ is the lift of f that maps (y, t) to the path f |{y}×[0,t]. Then
f˜ maps Y × {1} into ΩBH by fadj , the adjoint of f . i : ΩBH → H is a
homotopy equivalence. If we lift the universal bundle π : EH → BH to
its contractible total space EH, then we get the trivial bundle EH × H;
conversely, identifying (e, h) ∈ EH ×H with (e · h−1, 1) (where · is the H-
space product in H) recovers the original bundle π. Hence the bundle f∗π,
the pullback of π by f , can be obtained by pulling back the trivial bundle by
fˆ : Cone Y → EH and then performing the identification on Y × {1} × H:
(y × {1}, h) ∼ (y × {1}, i ◦ fadj(y × {1}) · h).
Hence ϕ(f∗π) = f and ψ(f∗π) = fadj .
5.3 Proof of Claim 3
Proof. XT is obtained from the disjoint union Xτ ′ × D(ξ˜η) ⊔ Xτ ′ by an
attaching map Xτ ′ ×S(ξ˜η)→ Xτ ′ , which is a homeomorphism on Xτ ′ ×{s}
for each s ∈ S(ξ˜η).
Indeed, this map is induced by the generalized τ ′ -map Yτ ′ × S(ξ˜η) ⊔
Xτ ′ × S(ξη) → Xτ ′ × S(ξ˜η), which is fτ ′ × (identity of S(ξ˜η)) on the first
member of the union, and it is (identity of (Xτ ′))× (Φη|S(ξη)) on the second
member. What would be the induced map if we had only one member
of this union? The first member would induce just the projection map
Xτ ′ × S(ξ˜η)→ Xτ ′ , the second one would induce ρ˜η ◦ pr2, where pr2 is the
projection Xτ ′ × S(ξ˜η) → S(ξ˜η). (See Remark 1.) Now the whole union
induces the pointwise product of the two induced maps, i.e. the map that
sends (x, s) ∈ Xτ ′ × S(ξ˜η) to (x · ρ˜η(s)). This means that XT is obtained as
it was claimed.
5.4 Proof of Claim 4
We have to show that the map ΓT ξ˜η → BXτ ′ that induces the key bundle
Xτ → ΓT ξ˜η is an infinite loop space map. Our argument will use the
notion of m-framed τ -maps, where m is a nonnegative integer, that is, τ -
maps equipped with m independent normal vector fields; we also call them
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τ ⊕ εm-maps (see [13, Definition 7] for m = 1 and [13, Remark 8 b)] for
arbitrary m).
We denote the classifying space for τ ⊕ εm-maps by Xτ⊕εm . In [13,
Remark 17 c,d] it is shown that ΩmXτ⊕εm ∼= Xτ . This identification equips
Xτ with an infinite loop space structure. It is natural to denote Xτ⊕ε1 by
BXτ since its path-fibration has fiber Xτ and a contractible total space.
Similarly we write BmXτ for Xτ⊕εm .
Let us consider the key bundle for τ⊕εm-maps and the map that induces
it from the universal bundle:
(⋆)
BmXτ //

⋆
BmXτ ′

ΓT (ξ˜η ⊕ ε
m) = ΓSmT ξ˜η // B
m+1Xτ ′
Let us consider the resolvents for both vertical maps and the map between
these resolvents induced by the horizontal maps. We will use the fact that
ΩΓSY = ΓY for any space Y .
ΩBmXτ
p
(m−1)
τ //

ΩΓSmT ξ˜η =
b
(m−1)
η

ΓSm−1T ξ˜η

// BmXτ ′
id

// BmXτ

p
(m)
τ // ΓSmT ξ˜η
b
(m)
η

⋆ // ΩBm+1Xτ ′ = B
mXτ ′ // B
mXτ ′ // ⋆ // B
m+1Xτ ′
(in the diagram we write the resolvents horizontally and the induced maps
vertically). We see that the key bundle for τ ⊕ εm−1-maps,
p(m−1)τ : B
m−1Xτ → ΓS
m−1T ξ˜η,
is the loop map of the map
p(m)τ : B
mXτ → ΓS
mT ξ˜η,
i.e. p
(m−1)
τ = Ωp
(m)
τ . Similarly for the inducing maps it holds that b
(m−1)
η =
Ωb
(m)
η .
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5.5 Proof of Claim 5
We have to show that the diagram remains commutative after adding the
dotted arrow.
Y
f //
g
!!❈
❈❈
❈❈
❈❈
❈
i

Y ′
g′
}}③③
③③
③③
③③
i′

K
ΓY
gext
==④④④④④④④④ Γf //❴❴❴❴❴❴❴ ΓY ′
g′ext
aa❉❉❉❉❉❉❉❉
The square is commutative by construction of the map Γf . Hence the com-
position g′ext ◦ Γf ◦ i coincides with g
′
ext ◦ i
′ ◦ f = g′ ◦ f = g, i.e. g′ext ◦ Γf
is an extension of g to ΓY . The map g′ext ◦ Γf is also an infinite loop space
map as a composition of infinite loop space maps, thus by uniqueness of the
extension g′ext ◦ Γf = gext as claimed.
This finishes the proof of Theorem 3.
6 Applications
Let τ, η, τ ′ be as in section 3 (η is a maximal local singularity from τ and τ ′
is the set of all multisingularities in τ that do not contain η) and consider the
key bundle (♥). We give conditions that imply that this bundle is rationally
trivial.
Lemma 5. If η is a singularity for which the bundle ξ˜η is orientable and the
rational cohomology ring of its Thom space H∗(T ξ˜η;Q) has no zero divisor
(equivalently: the rational Euler class of the bundle ξ˜η is non-trivial) then
the key bundle is rationally trivial, i.e.
Xτ ∼=
Q
Xτ ′ × ΓT ξ˜η.
Proof. (This result was proved in [13, Theorem 9] in a partially different
way.) It is enough to show that the map bη is rationally null-homotopic.
Since bη = (bT )ext it is enough to show that bT is rationally null-homotopic.
Since the space BXτ ′ is an H-space, it is rationally homotopy equivalent
to product of some Eilenberg-MacLane spaces. Hence the map bT : T ξ˜η →
BXτ ′ is rationally null-homotopic if it induces the trivial homomorphism
in the rational cohomologies. By the Thom isomorphism any element of
H∗(T ξ˜η;Q) has the form U ∪ x, where U is the Thom class, and x is
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an element of H∗(BGη;Q). Note that the ring H
∗(BGη ;Q) has no zero
divisor. Indeed, this is the invariant part (under the action of the Weyl
goup) of H∗(BTη;Q), where Tη is the maximal torus of the group Gη, and
H∗(BTη;Q) is a polynomial ring.
Let us consider the cohomological exact sequence with rational coeffi-
cients of the pair (T ξ˜η, BGη). Since T ξ˜η/BGη = ΣS(ξη), a fragment of the
cohomological exact sequence has the form:
H∗(ΣS(ξη))→ H
∗(T ξ˜η)→ H
∗(BGη)
The latter homomorphism maps an arbitrary class U∪x into e(ξ˜η)∪x, where
e(ξ˜η) is the Euler class of the bundle ξ˜η. Since e(ξ˜η) ∪ x is non zero if x is
not zero, the map is injective. Hence the previous map pr∗ : H∗(ΣS(ξη))→
H∗(T ξ˜η) is the trivial homorphism, and then so is the homorphism induced
by the composition σ ◦ pr. Since the target of this map is an H-space, the
map σ ◦ pr : T ξ˜η → BXτ ′ itself is rationally homotopically trivial. Then its
extension bη is also rationally homotopically trivial, and then the key bundle
Xτ → ΓT ξ˜η is trivial.
Recall that Cobτ (R
n+1) is abbreviated to Cobτ (n), the codimension of
the η stratum in the domain is c and Immξ˜η(n − c) denotes the cobordism
group of immersions of (n − c)-dimensional manifolds into Rn+k such that
the normal bundle is pulled back from the bundle ξ˜η.
Corollary. Let τ, η, τ ′ be as above. Then for any n
Cobτ (n)⊗Q ≈ Cobτ ′(n)⊗Q⊕ Imm
ξ˜η(n− c)⊗Q
holds.
Theorem 6. Assume that ξ˜η = ε
1 ⊕ ζ, the codimension c = rank ξ˜η is even
and πm(Xτ ) ⊗ Q = 0 whenever m is odd. Then the classifying space Xτ is
rationally homotopically equivalent to the direct product Xτ ′ × ΓT ξ˜η.
Proof. We have to show that the map bη : ΓT ξ˜η → BXτ ′ that induces the
key bundle pτ is rationally null-homotopic. Consider its loop map Ωbη :
ΩΓT ξ˜η → ΩBXτ ′ . Since T ξ˜η = STζ we can reinterpret this map as Ωbη :
ΓTζ → ΩBXτ ′ . This is an infinite loop space map and therefore is the
extension in the sense of Proposition 2 of its restriction to Tζ.
The space Tζ has nontrivial rational cohomology only in odd degrees,
since the base space BGη has rational cohomology only in even degrees and
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the Thom class of the bundle ζ has odd degree c − 1. The space Xτ ′ is an
H-space and therefore is rationally homotopically equivalent to a product
of Eilenberg-MacLane spaces K(Q, j) with some integers j. None of these
numbers j can be odd since πm(Xτ ) ⊗ Q = 0 if m is odd. Hence any
map Tζ → Xτ ′ induces the zero homomorphism in rational cohomology
and therefore is rationally null-homotopic. Then its extension Ωbη is also
rationally null-homotopic.
Consider now the following fragment of the resolution of pτ :
ΩXτ ′ → ΩXτ → ΓTζ
Ωbη
−−→ Xτ ′
Recall that in a resolution each map induces the bundle whose projection is
the previous map from the path fibration of its target. In our case the map
Ωbη induces the bundle ΩXτ
ΩX′τ−−−→ ΓTζ from the path fibration ∗
ΩXτ ′−−−→ Xτ ′ .
Since Ωbη is rationally null-homotopic, it induces a rationally trivial bundle,
that is,
(6.1) ΩXτ ∼=Q ΩXτ ′ × ΓTζ
The spaces Xτ , Xτ ′ and ΓT ξ˜η are H-spaces and therefore the splitting (6.1)
implies that the rational Eilenberg-MacLane space factors of Xτ are the
multiset union of those of Xτ ′ and ΓT ξ˜η. Hence we have Xτ ∼=Q Xτ ′ ×
ΓT ξ˜η.
Remark 2. The conditions of Theorem 6 are satisfied if τ ′ consists of all
Morin (that is, corank 1) singularities, η = III2,2 is the simplest Σ
2,0 sin-
gularity, the codimension k of the τ -maps is even and cooriented maps
are considered. In this case c = 2(k + 2) is even and the assumption
πm(Xτ ′) ⊗ Q = 0 for m odd follows from [13, Theorem 6] and the fact
that πn+k(Xτ ′) ∼= Cob
SO
Morin(n, k).
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